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Abstract

Due to falling prices of electronics, the abundance of cheap computing power and
ongoing miniaturization, swarms of autonomous vehicles are starting to become
reality. To control such large scale systems, the field of cooperative control was
established and has gained significant attention in recent years. A multi-vehicle
system may be able to solve tasks that cannot be achieved by a single agent.
Applications are various and range from cooperative load carrying to monitoring
large areas. In all these applications, formation maintenance plays a key role,
which is covered in this work.

Traditionally, a formation consists of multiple vehicles with defined relative posi-
tions in a reference coordinate frame. Through a consensus algorithm, a common
understanding of the reference frame is achieved and enables the vehicles to move
accordingly. Hence, the vehicles follow the trajectory of the reference movement
while keeping the geometric configuration in a simple feed forward manner as
conventional formation control algorithms do not include feedback from the for-
mation. This idea is realized in order to improve the formation keeping accuracy.

In a first step in the present thesis, a quadrotor is modeled as well as controlled and
serves as a vehicle in the formation flight. Secondly, as in traditional formation
control, a consensus algorithm enables each quadrotor to have a common under-
standing of the reference frame. Thirdly, the formation feedback comes through a
maximum distance consensus module and consists of information about the max-
imum physical dimensions of the formation. This knowledge is then used to affect
the trajectory of the reference frame. Finally, the performance of the proposed
formation control framework is evaluated through simulations and compared to
a solution without feedback. The results show a considerable improvement in
position keeping accuracy. The formation shape persists recognizable even for
fast dynamic movements of the reference frame. As the presented framework is
independent of the quadrotor, it can be adapted for other vehicles. Furthermore,
through the distributed approach, it is easily scalable and robust to changes in the
communication network. An experimental validation could be a topic for future
work.



Kurzfassung

Aufgrund von fallenden Elektronikpreisen, immer weiter voranschreitender Mi-
niaturisierung gekoppelt mit einem exponentiellen Anstieg an Rechenleistung sind
Schwérme autonomer Fahrzeuge keine ferne Zukunftsvision mehr. Das Forschungs-
feld Cooperative Control wurde etabliert um solche Systeme, die aus einer Vielzahl
von unabhéngigen Agenten bestehen, zu kontrollieren. Ein Verbund aus einzelnen
intelligenten Agenten ist in der Lage, komplexe Aufgaben zu losen, die fiir ein
Individuum nicht realisierbar wéiren. Dazu gehort zum Beispiel der gemeinsame
Transport von Gegenstinden oder die Uberwachung groBer Gebiete. In all die-
sen Applikationen spielt die genaue raumliche Verteilung der Fahrzeuge, also die
Bildung von Formationen, eine entscheidende Rolle.

Eine Formation kann durch relative Positionen in einem gemeinsamen Referenz-
koordinatensystem definiert werden. Ublicherweise erzielt ein Consensus Algorith-
mus ein gemeinsames Verstindnis der Referenz in den einzelnen Fahrzeugen und
erlaubt so die koordinierte Bewegung des Verbundes. Es handelt sich hierbei um
eine einfache Steuerung, da keinerlei Information aus der Formation zuriick bezo-
gen werden. Die Idee der Riickkopplung aus der Formation ist in der vorliegenden
Arbeit realisiert, um die Positionsgenauigkeit zu erhchen.

Die Thesis beginnt mit der mathematisch Modellierung und Regelung eines Qua-
drocopters, der als zugrundeliegendes Fahrzeug dient. Anschlielend wird wie oben
erwahnt ein Consensus Algorithmus eingesetzt, um den beteiligten Fahrzeugen ein
gemeinsames Verstdndnis des Referenzkoordinatensystems zu geben. Die neuar-
tige Formationsriickkopplung wird durch einen weiteren Consensus Algorithmus
erzielt und beinhaltet Information iiber die maximale physische Ausdehnung der
gesamten Formation. Dieses Wissen wird dazu verwendet, die Trajektorie des Re-
ferenzkoordinatensystems zu beeinflussen. Abschlieflend wird die Wirksamkeit der
vorgeschlagenen Regelungsstruktur im Vergleich zu einer Losung ohne Formati-
onsrickkopplung evaluiert. Die Ergebnisse zeigen eine deutlich erhohte Positions-
genauigkeit. Des Weiteren ist das présentierte Gesamtsystem unabhéngig vom
Typ der eingesetzten Fahrzeuge und der verteilte Ansatz erlaubt eine einfache
Skalierbarkeit sowie Robustheit gegeniiber Anderungen der Kommunikationss-
truktur. Ziel zukinftiger Arbeiten kénnte sein, die Ergebnisse experimentell zu
bestéatigen.
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Abbreviations and Formula

Abbreviations

UAV
DOF
COM
VL
QP
PD

Unmanned Aerial Vehicle

Degrees Of Freedom
Center Of Mass

Virtual Leader

Quadratic Programming

Proportional-Derivative

Formula Symbols

Symbols

Symbol Unit Description

g ] Undirected graph

N ] Set of nodes

& ] Set of edges

n ] Number of vehicles

i [] Generic index

J ] Generic index

A ] Adjacency matrix

agj -] Element of the adjacency matrix

L [] Laplacian matrix

li -] Element of the laplacian matrix

D ] Degree matrix

dij -] Element of the Degree matrix

Avr, ] Adjacency matrix including the VL
o -] Information state of the ith agent

w; ] Control input of the information state of the ith agent
o [] Information state vector of all agents

Time



Abbreviations and Formula Symbols

Symbol Unit Description

Quadrotor

wj rads~!  Angular velocity of ith rotor

fi N Produced thrust of ith rotor

Lot kg m? Moment of inertia of a rotor

kuigt [-] Positive lift constant

kdrag ] Positive aerodynamical drag constant of a rotor
™ Nm Produced torque of ¢th rotor

Fw ] World coordinate frame

Ow [] World frame origin

Xw ] World frame x-Axis

Yw [] World frame y-Axis

Zy ] World frame z-Axis

FB ] Body coordinate frame

Op ] Body frame origin

Xw ] Body frame z-Axis

Yw -] Body frame y-Axis

Zy ] Body frame z-Axis

YRp ] Rotation matrix from body to world coordinates
Y’ [] Temporary y-Axis

X" [ Temporary x-Axis

10) rad Euler angle

0 rad Euler angle

P rad Euler angle

Troll Nm Roll moment

Tpitch Nm Pitch moment

Tyaw Nm Yaw moment

r m Center of mass position in the inertial frame
l m Distance from center of mass to motors

T Nm External torques

v rads~!  Angular velocities in the body fixed frame
D rads™!  Angular velocity around X g

q rads™!  Angular velocity around Y g

r rads™!  Angular velocity around Zpg

BRE ] Transformation matrix from Euler angles to body fixed frame
f N Vector of the generalized forces

m kg Mass

a ms~?  Acceleration of the center of mass

1 kgm?  Inertia matrix

Lo kg m? Inertia around body x-Axis

Iy, kgm?  Inertia around body y-Axis

I,, kg m? Inertia around body z-Axis

[t N Sum of the produced thrust

S aer N Aerodynamic resistance force

Ko [] Aerodynamic drag matrix

Eaer x -] Aerodynamic drag constant in x-direction
Eaer,y [] Aerodynamic drag constant in y-direction



Symbol Unit Description

Eaer,z -] Aerodynamic drag constant in z-direction
g ms? Gravitational constant

Tgyro Nm Gyroscopic moments

Q rads™!  Sum of the angular velocities of the rotors
Uy ] Control input

ug ] Control input

us ] Control input

o ] Control input

ay [] Altitude controller output
Tdes m Desired x-position

Ydes m Desired y-position

Zdes m Desired z-position

Pdes rad Desired ¢ angle

0des rad Desired 6 angle

YPdes rad Desired 1 angle

k1. -] Altitude controller parameter
ko ] Altitude controller parameter
e, m Altitude error

€4 rad 1 angle error

K1y - 1) angle controller parameter
kay, - 1) angle controller parameter
ki, - Altitude controller parameter
1 - State space variable

[-]
[
[-]
[
2 ] State space variable
[
[
[
[

T3 - State space variable

) - State space variable

k1o - f angle controller parameter
koo - 0 angle controller parameter

eg rad 0 angle error

ki ] x-position controller parameter
koy [] x-position controller parameter
ex m x-position error

Y1 - State space variable

Yo - State space variable

[-]
[
Y3 ] State space variable
[
[
[

Y4 - State space variable

k14 - ¢ angle controller parameter

kog - ¢ angle controller parameter

€ rad ¢ angle error

kiy -] y-position controller parameter

kay ] y-position controller parameter

ey m y-position error

Zmax ms 2 Maximum acceleration in z-direction
Zmin ms 2 Minimum acceleration in z-direction
ft, max N Maximum produced total thrust
Ji,min N Minimum produced total thrust



Abbreviations and Formula Symbols

Symbol Unit Description

Trnax ms 2 Maximum acceleration in x-direction
Tmin ms 2 Minimum acceleration in x-direction
Jmax ms 2 Maximum acceleration in y-direction
Ymin ms 2 Minimum acceleration in y-direction
O max rad Maximum 6 angle

Omin rad Minimum 6 angle

Gmax rad Maximum ¢ angle

®min rad Minimum ¢ angle

Qquadpos ms 2 Maximum positive accelerations
Qguadneg ms?2 Maximum negative accelerations

Formation Control Framework

r
contr
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7
Cr
dmaxi

dmini

dy
do
ds
dy
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rad
rad
rad
rad

d
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Controlled state of reference frame

Reference information state of reference frame

Reference understanding of ith vehicle

Maximum distance information state of ith vehicle
Virtual reference coordinate frame

Origin of the reference frame

x-Axis of the reference frame

y-Axis of the reference frame

z-Axis of the reference frame

x-coordinate of reference frame origin

y-coordinate of reference frame origin

z-coordinate of reference frame origin

Reference frame origin position

Reference frame Euler angle

Reference frame Euler angle

Reference frame Euler angle

Reference frame Euler angle vector

x-coordinate of reference frame origin understanding of ¢th vehicle
y-coordinate of reference frame origin understanding of ith vehicle
z-coordinate of reference frame origin understanding of ¢th vehicle
Reference frame Euler angle understanding of ith vehicle
Reference frame Fuler angle understanding of ith vehicle
Reference frame Euler angle understanding of ith vehicle
Sum row of adjacency matrix

Constant influencing convergence speed of consensus

1th relative desired quadrotor position

ith absolute desired quadrotor position

Global true maximum distance information state
Positive maximum distance understanding of ith vehicle
Maximum negative distance understanding of ith vehicle
First element of maximum distance feedback

Second element of maximum distance feedback

Third element of maximum distance feedback

Fourth element of maximum distance feedback



Symbol Unit Description

ds m Fifth element of maximum distance feedback

dg m Sixth element of maximum distance feedback

Amax, ms 2 Maximum acceleration in the formation for the maximum positive
distance

Qmax, ms 2 Maximum acceleration in the formation for the maximum negative
distance

w rad Reference frame angular velocity in inertial frame

dax m Positive maximum distance information of reference controller

doin m Negative maximum distance information of reference controller

Ky, -] Reference controller control parameter

Kk ] Reference controller control parameter

Cq ms~2 Correction vector

u” ms? Reference PD controller output

H, ] Weighting matrix for optimization problem

h1 ] Element of weighting matrix for optimization problem

ho ] Element of weighting matrix for optimization problem

hs -] Element of weighting matrix for optimization problem

hy ] Element of weighting matrix for optimization problem

hs -] Element of weighting matrix for optimization problem

he [] Element of weighting matrix for optimization problem

G, ] Constraint matrix for optimization problem

h, ] Constraint vector for optimization problem

G ] Matrix in optimization problem

h; ] Vector in optimization problem

I3 ] 3 x 3 identity matrix

Gy ] Matrix in optimization problem constraint

hy [] Vector in optimization problem constraint

Go ] Matrix in optimization problem constraint

ho ] Vector in optimization problem constraint

G- ] Matrix in optimization problem constraint

ho ] Vector in optimization problem constraint

x(s) m Line parametrization

s -] Parametrization variable

Smax [] Parametrization variable upper limit

Smin -] Parametrization variable lower limit

€a; rad «; error of ith vehicle

Ja rads « value consensus performance measurement

e, m Difference between desired and actual vehicle position

JIr, ms Performance criteria of a single vehicle

Jiotal ms Performance criteria of a formation

11






Chapter 1

Introduction

1.1 Motivation and Research Background

In many ways, exact maintenance of a geometric shape among a group of vehicles moving
together in a formation enables powerful systems that can achieve objectives impossible for
single vehicles. Such systems with spatial formation control promise to have a number of
advantages, including flexibility, scalability, lower costs as well as robustness to failures. The
concept of formation control has been implemented in different vehicle types: ground vehicles
[Gho+10], Unmanned Aerial Vehicles (UAVs) [Kurl5], spacecrafts [RB08] or underwater au-
tonomous vehicles [Cui+10]. Likewise, many application scenarios have been evaluated such
as cooperative load carrying [BBS16] or large area monitoring [SKBO7].

From a more general perspective, the task of formation control can be classified into the
field of cooperative control. It is characterized through multiple loosely coupled dynamical
systems called agents which are autonomous and have sensing as well as communication ca-
pacities. The aim of the group, a multi-agent system, is to achieve a common, sometimes
multi-dimensional, objective. Thus, it can be stated that cooperative control consists of four
essential key elements: agents, group objective(s), a communication network and individ-
ual control algorithms on the local level [BAW11]. Concerning formation control, the group
objective is to form and keep a geometric configuration through individual vehicle position-
ing. The configuration can be predefined (morphous) or generated randomly (amorphous)
[OPA14].

One of the first and most famous concepts is a flocking algorithm which mimics animals’
behaviour, like fish or birds, in forming large swarms. The agents act upon three defined
influences: collision avoidance, velocity matching and flock centering. Because of its re-
semblance to natural occurring phenomena, it was named a behavioral approach [Rey87].
However, as the formation shape cannot be influenced, the applications are limited.

In literature, there has not yet been identified a single common categorization of formation
control schemes. One popular approach is to distinguish between position-, displacement-
and distance-based concepts [OPA14]. In a position-based control scheme each vehicle is able
to determine their own position relative to a global coordinate system. Based on this infor-
mation, they control their movement and achieve the desired formation shape. Contrary, if
the algorithm is displacement-based, knowledge of a global coordinate frame is not required.
A vehicle only has to sense its neighbors position relative to its own. One step further go
distance-based formation control algorithms. Here, only the inter-vehicle distances, not po-
sitions, are controlled and driven to a desired value. The orientation of the local coordinate

13



Chapter 1 Introduction

A More advanced sensing
capabilities

Position-based

Displacement-based m——

More interactions

Distance-based

Figure 1.1: Classification of formation control schemes [OPA14].

systems does not matter. Within these three categories, the sensing capabilities have to in-
crease from the position-based, over the displacement-based, to the distance-based approach,
whereas the number of interactions between the vehicles decreases as shown in the matrix in
Figure 1.1.

Throughout this thesis, a position-based approach is chosen. In that, a formation consists of
vehicles with defined desired relative positions in a common coordinate frame, called virtual
reference frame or simply reference frame, as illustrated in Figure 1.2 for six quadrotors. A
movement of the formation is achieved through a movement of the virtual reference frame
because the quadrotors should keep their assigned positions.

Figure 1.2: Six quadrotors in formation flight.

14



1.2 Objective and Problem Formulation

1.2 Objective and Problem Formulation

A major problem in formation control is that each vehicle has to accelerate differently in
magnitude as well as potentially in direction if the movement of the reference frame includes
a rotational component. This ultimately leads to high position errors when a vehicle with
limited dynamic capabilities is used. In Figure 1.3, the dashed arrows indicate the required
accelerations for each vehicle (diamonds) due to the rotation w of the reference frame. More
distant vehicles experience a larger absolute acceleration and lag behind their desired positions
most. As a consequence, the formation can be lost. The objective of this work is to control

A
|
|
|
|
I

[
[
[
[
[
Figure 1.3: Different accelerations in a rotating reference frame.

the movement of the formation and therefore the virtual reference frame in such a way that
the occurring maximum required accelerations stay within the possible physical limitations of
the vehicles, thus increasing formation maintenance. A second condition is that the approach
is distributed as well as flexible which guarantees generic formation shapes, vehicle numbers
and communication structures. To verify the proposed formation control framework, a swarm
of multiple quadrotors serves as a testbed. Therefore, the focus of this work is neither the
quadrotor modeling, nor their control which are a trade-off between accuracy and simplicity.

The present thesis starts with a brief introduction to graph theory for network modeling
and consensus algorithms as they build the basis of the formation control framework. In
Chapter 3, a quadrotor is modeled using the Newton-Euler approach. To control the vehicle
on a local level, a structure of two nested Proportional-Derivative (PD) controllers is used.
The following Chapter 4 describes the design of the formation control scheme which consists
of three major parts:

e Reference Consensus Module. Ensures a common understanding of the position
and orientation of the reference frame.

e Maximum Distance Consensus Module. Provides the formation feedback in the
form of consistent information about the global maximum physical extent in the forma-
tion available at every agent.

e Reference controller. Uses the available maximum distance information to solve an
optimization problem that ultimately corrects the trajectory of the reference in such a
way that the constraints of the vehicles are satisfied.

15



Chapter 1 Introduction

The developed control framework is then tested and validated through simulations with MAT-
LAB. The results are described in Chapter 5, starting with the individual quadrotor controller
to the consensus algorithms and finally the entire control scheme without and with reference
correction. In Appendix A, the construction of rotation matrices is outlined as they are
used throughout this thesis. Lastly, Appendix B introduces the fundamentals of rigid body
dynamics.

16



Chapter 2

Fundamentals

This chapter gives a mathematical introduction of two underlying major aspects in cooper-
ative control, namely network modeling and consensus algorithms. The terminology for the
description of graphs is defined. Also, a proof of convergence for a simple consensus algorithm
is outlined.

2.1 Network Modeling

An undirected graph G = (N, ), here simply referenced as graph, can mathematically model
a communication network among n independent vehicles where N = {1,2,...,n} is a finite
nonempty set of nodes, and £ € N x N is a set of unordered pairs of nodes, called edges.
Each node corresponds to a vehicle. An edge (i, ) allows information flow from node i to j
and vice versa. If (7,7) is an edge of G, then the nodes ¢ and j are neighbors. Self-edges of
the form (7,7) are not allowed. A path consists of a sequence of nodes such that consecutive
nodes are neighbors. The graph G is called connected if there exists a path between every
pair of nodes. In the case that every pair of nodes are linked by exactly one path, the graph
is a tree. A tree which includes all nodes of a graph is a spanning tree [GRO4].

Graphs can easily be visualized, with numbered circles representing the nodes and lines serving
as the edges like in Figure 2.1. Here, the thick lines represent a possible spanning tree. An

Figure 2.1: Example of a connected graph with five nodes and a spanning tree.
equivalent representation of G is its adjacency matrix A = [a;;] € R™*". The elements of A

are defined as a;; = aj; = 1if (j, i) € € and a;; = aj; = 0 otherwise. The diagonal entries are
zero and the matrix is symmetric. To the example in Figure 2.1, the corresponding adjacency

17



Chapter 2 Fundamentals

matrix is
01100
10111
A=AT=11 1010 (2.1)
01 100
01000

Each non-zero element a;; states that there is information exchange between the ith and jth
vehicle. In a connected graph, information from one vehicle can reach all other vehicles in
the network. Another important related matrix is the graph laplacian

L=[lj]=D-AcR™" (2.2)
where D = [d;;] € R™*" denotes the degree matriz with entries
>oai i=]

Jj=1 .
0 i F
The diagonal entries are the number of neighbors of node i [GRO04].

dij = (2.3)

The model can be expanded by an additional node to include a so called Virtual Leader
(VL). This particular node does not represent a physical vehicle, however contains reference
information which is distributed to the other nodes. The vehicles 1 to n are referred to as
followers [RB08]. In Figure 2.2 the VL is added to the previous example from Figure 2.1.
The extended adjacency matrix

AN

Figure 2.2: Example of a connected graph with five vehicles and a VL.

01 1 001
1 01 11 0
110101 (n+1)x (n+1)
AVL— 011000 eR . (2.4)
01 00 0O
1010 0 0

including the VL has an additional row and column with entries equal to one according to
which vehicle exchanges information with the VL.

2.2 Consensus Algorithm

Sharing information is a necessary prerequisite for cooperative control and can be achieved
through consensus algorithms. Consensus means to asymptotically converge via local com-
munication to a common understanding of a quantity of interest [OFMO07]. The term local
expresses that only neighbor-to-neighbor communication is possible.

18



2.2 Consensus Algorithm

To introduce the concept of consensus algorithms, let
ai(t) =wi(t), i={1,...,n} (2.5)

denote a simple single-integrator information state with the control input w; at time ¢. The
system consists of n agents linked through a communication structure as explained in Chap-
ter 2.1. As proposed in [OMO03], each agent implements the distributed linear protocol

wi(t) = —zn:aij (O‘i(t) —O‘j(t)),j: {1,...,?7,}, (2.6)
j=1

which can be rewritten for the whole system as
6(t) = —Lo(t) (2.7)

where o(t) = [o1(t) ... o,(t)]" and L is the graph laplacian. According to (2.6), each
agent takes the locally available information and drives its own information state to the
average value of its neighbors. Consensus is reached when o1(t) = ... = o,(¢t). For a
connected graph, convergence is guaranteed as well as bounded information states. The
proof for these assumptions is outlined in the following paragraph.

Let ¢* be the index such that
o+ (t) = max o;(t), (2.8)
then, for all j = {1,...,n},
— airj[oi= (t) — 0;(t)] < 0. (2.9)

The inequality is strict unless a;+; = 0 or o;(t) = o;+(t). It follows that
o (t) <0, (2.10)

and therefore the maximum never increases and it always decreases if there is any connection
with non-maximum agents. Similarly, the minimum never decreases and it always increases
if there is any connection with non-minimum agents. A more mathematical formulated proof

can be found in [OFMOT].
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Chapter 3
Quadrotor Modeling and Control

In this chapter, a dynamic model of a quadrotor is developed which serves as a testbed for
the formation control framework. The equations of motion are formulated using the Newton-
Euler approach. Afterwards, a control strategy is proposed with nested PD controllers for
the attitude dynamics and spatial positioning. Lastly, by introducing input constraints, the
model becomes limited in accelerations and eventually velocities.

3.1 Basic Concepts

A quadrotor consists of four independent controllable electric motors connected through a
rigid cross structure. Each motor is equipped with a propeller to produce upward thrust
and torque. The blade’s pitch is constant - in contrast to a conventional helicopter with a
swashplate. Therefore, the only controllable variables are the angular velocities of the rotors.
Because of their mechanical simplicity, quadrotors are one of the most common UAV and
a favorite among researchers as well as hobbyists [Gar+13]. A challenge in designing and
controlling a quadrotor is the fact that only four control inputs are available (the rotors
speeds) whereas the UAV has six Degrees Of Freedom (DOF). Hence, it is an underactuated
system [Bou07].

The angular velocity w; (for i = {1,...,4}) of each propeller creates a force
fi = kg (3.1)
in the same upward direction and a torque
T™; = Kdragw + LrotWi, (3.2)

where Ky is a positive lift constant, kqrag the positive aerodynamical drag constant and ot
denotes the moment of inertia around the rotor axes. This configuration is illustrated in
Figure 3.1 with the straight arrows as the thrust and circular arrows as torques. The effect
of the term I,otw; is considered small because w; ~ 0 in stationary flight and is thus omitted.
As the rotors’ directions are fixed they produce only positiv thrust. To minimize gyroscopic
effects and aerodynamic torques in stationary flight, pairs of two rotors rotate clockwise (M;
and M3) and anti-clockwise (My and My) [Gar+13].

Let Fiy : {Ow; Xw;Yw; Zw} be an inertial world frame and Fp : {Op; Xp;Y p; Zp} a
moving frame fixed to the quadrotor’s body at its Center Of Mass (COM). The rotational

21



Chapter 3 Quadrotor Modeling and Control

Figure 3.1: Quadrotor motor configuration, thrust and torques.

matrix
CyCh  CySHSp — SypCy  CohSHCH + SyS¢p
WRp = SpCo  SipSeSe + CpCy  SpSeCH — CypSg (3.3)
—Sp CoS¢ CoCop

transforms vectors from the body frame to the world frame, where cj represents cos(k) and
sk is sin(k). It consists of rotations around the inertial Zy, axis and then the temporary Y’
and X" axes (see Appendix A for derivation). The three angles 1, § and ¢ are the Euler
angles and give the orientation of the body frame (and therefore the quadrotor) relative to
the world frame as can be seen in Figure 3.2. Dashed axes indicate a rotation. The vector

T
r=0p= [m Y z} (3.4)
gives the quadrotor’s COM position in space in the inertial frame.

"
X Zw

Figure 3.2: Body frame orientation and Euler angles.

From aeronautics, the terms roll, pitch and yaw are applied which indicate movements around
the axes of the body frame as shown in Figure 3.3. A roll motion around the X p axis is
achieved through a difference in thrust between the second and fourth motor. Similarly, a
pitch movement around the Y p axis derives from the thrust difference between motor one
and three. The sum of the momenta 7371 to Tas4 results in a rotation around the Z g axis.

22



3.2 Newton-FEuler Model

Zp

pitch
F m
w Yg

XB

Figure 3.3: Roll, pitch and yaw motion of a Quadrotor.

These three basic rotations change the quadrotors orientation in space. Consequently, the
direction of the combined thrust of the four rotors changes with reference to the world coor-
dinate system and enables horizontal maneuverability.

The responsible momenta for the rotations with respect to the COM in the body fixed frame
can be summed up as

(fo— fa)l Troll
7= |(fzs = fu)l| = |Tpitch | » (3.5)
Z?:l TM; Tyaw

where [ denotes the distance from the COM to the motors.

1T
The relationship between the angular velocity vector v = [p g | in the body fixed frame
and the euler angles velocities is )

P 1 0 —sinf qS _Q:S
gl =10 cos¢ singcosf| || =PRp 6] . (3.6)
r 0 —sing cospcosf| | _1/}

-1
Left-multiplying v with the inverse transformation matrix (BRE) gives the reverse calcu-

lation
& . 1 singtanf cos¢tanf | |p
0| = (BRE> v= |0 cos ¢ —sin¢ ql - (3.7)
¥ 0 sing/cos@ cos¢p/cosl| |r

3.2 Newton-Euler Model

The quadrotor can be seen as a rigid body with six DOF in space. Assuming that the quadro-
tor’s COM coincides with the body frame origin, its translation and rotational dynamics can
be described through the Newton-Euler equations

f=ma
T=Iv+vx(Iv)

23



Chapter 3 Quadrotor Modeling and Control

where f represents the vector of the external forces, m denotes the quadrotor’s mass, a the
acceleration of the COM, 7 the vector of the generalized torques [Gro+15].

Using Newton’s second law for the motion of a particle, the motion of the COM is determined
as if the resulting external force would apply to a particle mass with the bodie’s weight
concentrated in the COM [Ard06]. Those external forces acting on the quadrotor are the
thrust

4
fo=>_fi (3.10)
i=1
and the gravitational force. Furthermore, the aerodynamic resistance force

T
Faor = Kaor |2l gli| 2I2] (3.11)

is proportional to the squared velocity of the COM 7 with the aerodynamic translation
matrix

K. = di&g (kaer,m kaer,y7 kaer,z) (312)

where the entries are positive constants [Sch13]. This is a highly simplified approximation of
the resistance force. Summarized in the inertial frame, the external forces can be expressed
by

0 0 z| |

F="Rp|0|+| 0 | K. |97 . (3.13)
ft —mg Z‘Z|

Using (3.8) one obtains

T CypSPCH + SySg 1 kaer’xi|i‘|

. t r

gl == |spsecs = cyse| — — | Raeryylyl | - (3.14)

g m m e

Z cocy —mg/ f Eaer,22|2|

While it is easier to have the linear equations of motion in the inertial frame, the rotational
equations are better expressed in the body frame. If not stated otherwise the equations in
the following paragraph are with reference to Fg. It is assumed that the quadrotor has a
symmetric structure with its four arms aligned to the bodie’s X g- and Y p-axis. Therefore,
its inertia matrix

Ly 0 0
I=|0 I, O (3.15)
0 0 L.

is a diagonal matrix. Additionally to the external torques 7, gyroscopic effects
0

Toyro = In(v X |0])€, (3.16)
1

have to be taken into account because each motor-rotor unit rotates in the moving body
frame. In (3.16), I is the moment of inertia of one propulsive unit and € the sum Q =
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3.3 Control Strategy

wi —wy + w3 —wy. Individually, they can be seen as a rigid disks rotating around the Z p-axis
with angular velocity w;. Now the rotational dynamics can be derived from (3.9) as

Uv=T"'(~vxIv—Tgu+T)

D ( Izz)qr/lxx Q/Ix:v Troll/I$x ) (317)
q| = |(Lzz = Loa)pr/Iyy | — Ia | —p/Lyy | @+ | Tpiten/Iyy
r ( - Iyy)pQ/Izz 0 7_yaw/Izz

To conclude, the quadrotor dynamics can be modeled through six equations

mi = fi(sin ¢sin ) + cos ¢ cosp sin b)) — kaer x|E|E (3.18)
mi = fy(cos ¢sinfsin — cossin @) — kaery |9y (3.19)
mz = fycosf cosp —mg — kaer 2| 2|2 (3.20)
. Iyy -1, I Troll
p=—"—"qr — —qQ + 3.21
I.,—1 I i
=22 Tm e Mgy Toitch (3.22)
Ly Ly, Ly,
. Iy — Iy Tyaw
P oy Toaw 3.23
L. "7 52

The relationship between the euler angles velocities and the body fixed velocities can be
simplified by assuming only small angles # and ¢. Under the premise that sin ¢ = ¢,sinf = 0,
cos ¢, cos = 1 and ) = 0, the transformation matrix PR from (3.6) equals the 3 x 3 identity
matrix I3. It follows that

P
q| =16]. (3.24)
T

Furthermore, the quadratic terms involving two angles as well as cross-coupling effects in
(3.21) to (3.23) are omitted assuming near hovering state [Fer+13]. Thus, the quadrotor
rotational dynamics can be modeled by

é = Troll/Ixx (325)
0 = Toiten/Iyy (3.26)
U = Tyaw/ s (3.27)

Together with the three equations (3.18), (3.19) and (3.20), they constitute the complete
dynamical model. It is strongly simplified and ignores various effects such as blade flapping
which contribute to the highly nonlinear dynamics of a quadrotor.

3.3 Control Strategy

The aim of the quadrotor controller is to stabilize the vehicle and achieve acceptable posi-
tioning speeds. For this, feedback from the quadrotor comes through an on-board inertial
measurement unit for the angular velocities and a global position measuring system real-
ized through an external motion capture setup. As a controller, a cascaded control strategy
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Controller Us
U, N
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Figure 3.4: Hierarchical control structure [Gar+13].

as proposed in [Gar+13] is implemented because the rotational and altitude dynamics are
considerably faster than the horizontal ones. Specifically, state feedback controls correspond-
ing to PD controllers stabilize the subsystems as illustrated in Figure 3.4. To control the
quadrotor, four control inputs

Uy £ Ruge R ki Rug |2
0 Kiige ! 0 _ FKiged 2
uz| | Teot/Lox | Toa Lo | |W3 393
= e/ Ly | = | Bl g0 Eal g 2 (3.28)
us Tpitch/ Lyy Tyy Tyy w3
g Tyaw/ L harag  Karag  Bdrag Barag | | ]
zz zZz zZz zz

are chosen. In (3.28), the physical control variables w to w? are uniquely solved to the chosen
control inputs. This results in the following system

1
i = p. [u1 (sin ¢ sin i) + cos ¢ cos P sin ) — kaer x|E|Z] (3.29)
ij = % [u1(cos ¢sin O sin ) — cos P sin @) — kaer.y|Y]7] (3.30)
3= 1 [u1 cos b cos @ — mg — kaer 2| 2| 2] (3.31)
m
b = ug (3.32)
h = us (3.33)
B = ug. (3.34)

for t > 0 with the initial conditions z(0) = zg, £(0) = vy, . .., 0(0) = 6o, (0) = by, .. ..

3.4 Position and Attitude Control

3.4.1 Altitude and Yaw Control

The altitude dynamics in (3.31) are reduced to a linear double integrator system by imple-
menting feedback linearization through

1

cosfcos ¢’ (3.35)

uy = (U1 + mg)
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3.4 Position and Attitude Control

where 41 denotes the controller output [Gar+13]. Through state feedback control, the poles
can be placed in the open left half plane and the closed loop system stabilized. This corre-
sponds to a PD controller
U1 = k122des — klzz — k.2 (336)
= k1., — ko2
with the gains k1., k2, to influence convergence speed and the control error e, = zges — 2.
Using the control input u; in (3.29) to (3.31) gives

mi = (@ + mg) (smwtangb H%wang) — ber x| (3.37)
cos ’
t
mij = (i + mg) (Siwtan(, _ Coswancﬁ) — Faer y|917 (3.38)
cos 6
mz = kilzez — k‘2z2 - kaer,z|z‘2 (339)

For the yaw angle subsystem (3.34) the same controller
Ug = k‘hpew — kzw?j) (3.40)

is applied, with the gains k1, k2, and the control error e, = 1ges — ¥. As both subsystems
for yaw and altitude control are asymptotically stable with fast dynamics, it can be assumed
Z = Zdes, ¥ — Wdes and 41 — 0 for a time ¢; large enough. The control gains should be
chosen to ensure a fast and well-damped response.

The desired yaw angle tqes is set to zero, therefore (3.37) and (3.38) reduce to

koor ol
Z=gtanf — Facr x| | (3.41)
m
tang  Kaery |9y
— — : . 42
cos 0 m (342)
3.4.2 Control of x-Position and Pitch Angle
To fulfill the assumption of
tan(0) ~ 6, (3.43)
a very small upper bound on |6] is set which linearizes (3.41) and gives
i = g0 — Kaerx| | 3.44)
0 =us (3.45)
which can be described as a chain of four integrators
j?l = X9 (3.46)
kaer X
To = gxr3 — w (347)
m
T3 =14 (3.48)
i4 = us, (349)
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with 21 = #, 29 = &, x5 = 0, x4 = 0. The goal is to control the x-position. This is achieved
by a cascaded controller where the inner loop controls the pitch angle § and the outer loop
sets the reference value 04c5 (see Figure 3.4). As for the yaw angle, a stabilizing state feedback
controller

uz = kipeg — kogb, (3.50)

where kig, kog are the gains and ey the error between 0405 and actual 6, is implemented. In
order to be able to omit the angular dynamics for the position controller, the dynamics of
the inner system have to be fast [Lunl4]. Based on the actual z-position and velocity, the
secondary control loop sets the desired angle to

Odes = K1z€s — ko, (351)

where k1., ko, are the gains and e, the error between x4es and actual x. The output Gges is
limited to a small upper bound to fulfill (3.43).

3.4.3 Control of y-Position and Roll Angle

Using the small-angle approximation for
tan ¢ =~ ¢, cosf =~ 1, (3.52)
a very small upper bound on |¢| is set which linearizes (3.42) and gives
y — _g¢ o kaer,y’my
m
¢ =up (3.54)

which can be described as a chain of four integrators

U1 =1y2 (3.55)
Kaer
o = —gyz — ——L s belyz (3.56)
m
1]3 = Y4 (3.57)
Y1 = ug, (3.58)

withys =y, y2 =9, y3 = ¢, v4 = (b The goal is to control the y-position. This is achieved
by a cascaded controller where the inner loop controls the roll angle ¢ and the outer loop sets
the reference value ¢qes (see Figure 3.4). As for the yaw angle, a stabilizing state feedback
controller .

Ug = ]{71(7569 — k‘2¢¢, (3.59)

where k14, ko are the gains and ey the error between ¢qes and actual ¢, is implemented. In
order to be able to omit the angular dynamics for the position controller, the dynamics of
the inner system have to be fast [Lunl4]. Based on the actual y-position and velocity, the
secondary control law sets the desired angle

Pdes = kl:pey - kaZta (3.60)

where k1, ko, are the gains and e, the error between yqes and actual y. The output ¢qes is
limited to a small upper bound to fulfill (3.52).
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3.5 Acceleration Limits

3.5 Acceleration Limits

The control input u; corresponds to the total thrust produced by the four rotors and is thus
limited by an upper bound f; max and lower bound f; min = 0 as the rotors direction is fixed.
This limits the maximum acceleration and velocity due to the modeled air friction. For zero
pitch and roll angle, the maximum acceleration in Zy direction derived from (3.31) is

émax — ft,max - k‘aer,z’2.|'é —g (361)
m
min — k Y/ 2|z k T,7 2|z
P e, aer, 2|2 —g=— aer, 2|2 _ (3.62)
m m

A similar examination can be made in the horizontal x y-plane. Here, the maximum pitch
and roll angle limit the acceleration. Assuming a constant altitude and an angle range of
—Omax| < 0 < Omax and —|dmax| < @ < dmax respectively gives

1 L.

Frmax = —Fmin = g tan fmax — a;;'”““"'” (3.63)

. . tan dmax  Kaer,y|Y|Y

Ymin = ~Ymax = — ¢ = _= 7y|y’y (364)
€08 Omax m

for the maximum accelerations in positive as well as negative coordinate directions. Summa-
rizing these constraints into single vectors gives

fimax
Qquadpos = Ymax | (3.65)
2max_
imin_
Qquadneg = ymin . (366)

Zmin
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Chapter 4
Formation Control Framework

In this chapter, the complete formation control framework as the main contribution of the the-
sis is outlined. First an overview of the formation control scheme is given before introducing
the three parts in detail: the reference consensus module, the maximum distance consensus
module and the reference controller. As for the reference consensus module, it is adopted from
[RS08], whereas the latter two represent a novel extension to distributed formation control.

4.1 Concept

Through the proposed quadrotor controller, each vehicle is able to position itself in space.
However, for a formation to form, it also needs an understanding of its desired position
which is dependent on the current reference frame status where the relative desired po-
sitions of each vehicle ’rfel’i are defined. Let &, be the state of this coordinate frame
Fr:{ORr; XRr;Yr; Zr}. In Figure 4.1, a triangular formation consisting of three vehicles is
illustrated. The round dots are the desired positions of the agents set in Fr and the diamonds
represent the actual locations ;. The formation can move through a change of the reference

state &, Of which each agent carries his own understanding ;.

Subsequently, the task of the so-called reference consensus module is to ensure a common
understanding which is achieved if

€1 == £n = gontr' (41)

Contrary to Figure 4.1, a configuration where consensus is not reached is shown in Figure 4.2.
Here, the desired vehicle positions deviate from the triangular configuration because the §;
information states have not converged. The reference consensus module is implemented locally
in each vehicle and forms a part of the larger formation control framework as presented
in Figure 4.3. The illustrated communication network allows information exchange with
the index j indicating neighbors. Through the reference controller comes the information
about the reference position and orientation & . comes. It takes a desired reference frame
trajectory £ and provides a corrected output &, which is subsequently distributed over
the communication network through the before mentioned reference consensus module. The
corrected output considers the dynamic limitations of the involved vehicles and ultimately
leads to reduced position errors. For the reference controller to calculate its correction it
needs information about the physical extent of the formation. The reason for this is that
the maximum accelerations occur for the most distant vehicles as stated in the problem
formulation. Therefore, the formation feedback comes in form of a ¢, information state of
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Chapter 4 Formation Control Framework

each quadrotor carrying the maximum distance data. It is provided by the maximum distance
consensus module which is, as the reference consensus module, implemented locally in each
quadrotor. Contrary, the reference controller exists only once outside of the vehicles.

Figure 4.1: Triangular formation with common reference frame understanding.

Figure 4.2: Desired vehicle positions with inconsistent reference frame understanding.
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Figure 4.3: Overview of the complete formation control framework.

4.1 Concept
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Chapter 4 Formation Control Framework
4.2 Reference Consensus Module

The reference frame state &, can be described in space through its center position in the
inertial frame Fy and three Euler angles defined as in Figure 4.4 as

T
Zontr: Te Yo Ze o [y . (4.2)
————

Tc [

"
X Fr Zw

Yw

Figure 4.4: Reference frame orientation and Euler angles.

Each vehicle ¢ has his own understanding
&= [Cl?c,i Yei Zei i P %} (4.3)

of the reference frame with 51 being the control input. The aim is to drive its own value §;
to the desired value & ;.. Therefore, an extended consensus law

éi = ; i Qij [53 —K(& — 53‘)} + ;az‘(nﬂ) [ézom —K(& — gontr)} (4.4)
tj=1 1

) ] Reference influence
Neighbor’s influence

based on Chapter 2.2 is introduced where a;; is the (i, j) entry of the extended adjacency
matrix Avyry, K is a positive scalar, and 7; is the ith row sum of Avyy. The first term uses
the information states of the vehicle neighbors whereas the second term considers a possible
connection to the desired value &, In addition to the simple differences in the basic
consensus law, a derivative term is added which allows the algorithm to follow any time-
variant reference value. The row sum 7); ensures an equally weighted influence for every
vehicle regardless of its number of connections. For a connected graph, consensus to the
reference value is guaranteed [RS08]. In Figure 4.5, a scenario with six quadrotors and a
communication network indicated by the dashed lines is illustrated. Here, only one vehicle
receives the reference value. The remaining five agents update their information states solely
based on the values of their neighbors.

34



4.3 Maximum Distance Consensus Module

T

Controller contr e

T
Econtr 0

Reference Q //O —@C;bo

Figure 4.5: Reference frame consensus with six vehicles.

Each vehicle ¢ uses its own understanding &, and its known relative desired position r;‘?el’i
with respect to the virtual coordinate frame to calculate its desired absolute position

d et d

i = |Yei| T WRRTTal,i (45)

Zeyi

where WRp, is the rotation matrix from reference frame to world coordinates based on the

three euler angles a;, i, 7 (Appendix A). Finally, the desired absolute position is passed on
to the local quadrotor controller to position the vehicle.

4.3 Maximum Distance Consensus Module

Similarly to the reference consensus module, the task of the maximum distance consensus
module is to ensure a common group understanding of the maximum dimensions of the
formation. The motivation is that this information should be accessible to the reference
controller through any agent in the network as feedback from the formation. Thereby, the
flexibility of the framework is guaranteed. The maximum dimensions of a formation refer to
the most distant desired vehicle position in each coordinate direction from the origin of the
virtual reference frame as illustrated in Figure 4.6. Mathematically, it can be expressed as

o= lmax(rgel,i)] eR, i={1,...,n} (4.6)

min(rrel,i)

with ¢" being the global correct value. As each vehicle inherently only has knowledge about
its own desired position, it has to exchange information.

Let
¢ = ldmaxi] eRS, i={1,...,n} (4.7)

dmini

be each vehicle’s own understanding of the maximum positive dpax;, as well as negative
distances dpin; in the formation. To achieve consensus, a so-called synchronous maximum
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Figure 4.6: 2D maximum postive and negative distance to virtual center.

broadcast algorithm after [Lyn96] is applied

max (dma)(j s dmaxi)

min (dminj s dmim) ’ (48)

Cj:

where j € NV; and N; is the set of neighbors of node 7. Each vehicle sends out his information
state ¢; and all connected nodes update their own information states ¢; only if the value is

greater or smaller respectively. The information state is initialized as {; = [rﬁel’i rfel’i}T
before any information exchange takes place. The consensus algorithm is distributed in the
sense that only local neighbor information exchange is required. The virtual leader can
connect to any follower or subgroup of vehicles and obtain {,. It can be shown that the
consensus algorithms guarantees (;(t) — ¢" if a spanning tree exists [Boy+04].

4.4 Reference Controller

The reference controller has knowledge of the current as well as desired state of the reference
frame &, and §". Furthermore, it receives (;, an estimate about the maximum distance
from the virtual center, out of the communication network assuming a connection to the ith
vehicle. Let

Ao = [d dy d5]' . din = [di ds do] . (4.9)

denote this information available to the reference controller. Its objective is to generate a
controlled reference frame state &, that closely follows the desired information state &"
but also considers the dynamic limitations of the vehicles through the available ¢, feedback
from the formation.

The current maximal required accelerations in the formation are calculated, following Ap-
pendix B, in the inertial frame as

Amax; = Te + W X dpax + w X (W X dmax) (4.10)

Qmax, = Te + W X dpin + w X (W X diin) (4.11)
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with the angular velocity vector

[cos v —siny 0 cosf 0 sing| |«& cosy —siny O0f (O 0
w= |siny cosy O 0 1 0 0| + |siny cosy O] |8+ |0
0 0 1| |—sinB 0 cosfB| |0 0 0 1] {0 o

- . (4.12)
cosycosfB —siny 0 |&

= |sinycosB cosy O| |B| ="Rgpé
| —sinf 0 1| |4

It is derived from the three Euler angles time derivatives § with respect to the inertial system
transformed through the rotation matrix WRg. The angular acceleration vector

= WRES—F WRE(S
G cos Bcosy — aﬁslnﬁcos'y — Gecos Bysiny — Bsm'y ﬁ’ycos'y (4.13)

= |&cosBsiny — aﬁsmﬁsmfy—i—oacosﬁ’ycos*y—i—ﬁcos*y 34 sin v
— cos BBd —sin a4+ 4

is the derivative of (4.12). The acceleration constraints can now be expressed in the inequal-
ities
! !
Qquadneg < Amax; < Qquadpos (414)

! !
Qquadneg < Amax, < Qquadpos- (415)

If one of the two maximum accelerations exceeds the physical limits of the quadrotor from
(3.65) and (3.66), position errors will occur. Therefore, the task of the reference controller is
to limit the desired state of the reference frame &" in such a way that (4.14) and (4.15) are
tulfilled. Particularly problematic is that there exists additional DOF through the transla-
tional #. and rotational & components of the reference frame acceleration € . Moreover, the
relationship between 57" and the maximum accelerations is nonlinear because of the coordinate
transformation of the angular velocity vector w in (4.12).

The idea is now to use the additional DOF in the form of a correction vector ¢, € R which is
only active if the required acceleration exceeds the physical limits. The correction is added to
£", the desired reference frame acceleration. As a result, the controlled reference state €7,
deviates from the desired value £ and has to be readjusted. Consequently, an additional PD
controller is added. The complete dynamics of the controlled reference frame are

r

Evonte = &+ 7 (& — Elonr) +Ep (&7 — Evour) + € (4.16)

A schematic is provided in Figure 4.7. If the inequalities (4.14)-(4.15) are fulfilled the cor-
rection vector ¢, becomes zero. The result is a PD controller with asymptotic stable error
dynamics

Cq = 0: (gr - éZontr) + kd (ET - €£0ntr) + kp (Er - EZOntr) =0 (417)
= 'ég + k‘gég + ]{7;65 =0 (4.18)

_ T T
where eg = &£ — &£l nir-
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Figure 4.7: Reference controller structure.

In the case that @max, Or @max, e€xceeds its limits, the vector ¢, is calculated by solving a
Quadratic Programming (QP) problem. It minimizes the vector norm of ¢, subject to the
constraints (4.14) and (4.15) and gives, added with the PD controller output w", acceptable
values for the reference frame acceleration Econtr In other words, the minimum value of the
correction vector is calculated that keeps the maximum acceleration within the quadrotor’s
physical limits.

Expressed in mathematical terms, the QP problem is

hy 0

min %cfHaca, H, = € RO*C, (4.19)
0 he

s.t. Gueq < h, (4.20)

where H, is a weighting matrix and G, as well as h, are derived from (4.14)-(4.15) in the
following steps. In the inequality

Amax, = e+ W X dpax + W X (w X dmax) < Qquadpos (421)

PEN e + W X dmax < Gquadpos — W X (W X dmax) (4.22)
the cross product w X dpax is rewritten as

W X dpax = (WRE o+ "R 5) X dmax

= ("R X dinac) + (VR 6 X dina) (4.23)
G1d hy
with the matrix
ds cos Bsiny + ds sin 3 cos yds —do
G = dy sin 8 — dg cos B cosy dg sin y dy | . (4.24)

dycosfcosy —dycosfBsiny —dosiny —dicosy 0
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Summarizing,
e + W X dmax < Qquadpos — W X (W X dmax) (4.25)
< 'f'c + G16 + hl < Aguadpos — W X (w X dmax) (426)
& I3 Gi|Eour < Gquadpos — @ X (@ X dina) — b1, (4.27)

In the second step, by replacing Ezontr = u" + ¢, with its components, (4.27) becomes

I3 Gi| (" + €a) < @quadpos — @ X (@ X dpax) = b1 (4.28)

& [5G ca < Gquadpos — @ X (@ X duax) = b1 = [I; Gi]w” (429

& élca < Gquadpos T ill (4.30)
with Gy = [Is G,] and hy = —w x (W X dmax) — h1 — [Is Gi]u". For the negative

acceleration limit @quadneg, & similar transformation results in
— Glca S —aquadneg — hl. (4.31)

Likewise, using the maximum negative distance from (4.15) gives

G2cy < Aquadpos + hao (4.32)
~Gcy < —aquadneg — ho (4.33)
with
@ X din = (WRE §+"Rp 5) X din = G2 8 + ho (4.34)
Ry = —w X (@ X duin) —ha — I3 Gs| (4.35)
Gy =|I; Gol. (4.36)

Combining the four inequalities into a single inequality gives

G.c, < h, (4.37)

é'Ll Qquadpos ﬁ}

—G1 —Qa d —h1
& = cq < quacnes | o1 4.38
G~2 ‘= Qquadpos h~2 ( )

_GZ —Qquadneg _h2

which are the linear inequality constraints for the QP problem. As the weighting matrix only
consists of elements greater than zero, it is positive definite and therefore the optimization
problem is convex. In addition, it is of low dimensionality with ¢, € R® . A global optimum
can be found with a standard MATLAB function like quadprog.
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Chapter 5
Simulation Results

In this chapter, the previously proposed formation control framework is gradually simulated
and evaluated using the software MATLAB® with Simulink®. Starting with the individual
quadrotor modeling and control, the system is extended for multiple vehicles including a
communication network. Subsequently, the consensus modules are simulated. Finally, the
complete formation control structure is simulated with and without active reference controller.
Both solutions are compared to each other and quantitatively assessed.

5.1 Quadrotor Control

The vehicle model used in the simulation is based upon (3.29) to (3.34). As for the physical
constants, they are extracted from the Parrot AR Drone 2.0 specifications and the aero-
dynamical coefficients taken from [Rud+14] and stated in Table 5.2. At first, the altitude
controller is tuned using the step response from Figure 5.1. High controller gains are set to
ensure fast dynamics. Similarly, the angle controller is tuned. Therefore, the dynamics of the
inner control loop are considerably fast. In a second step, the position controller gains are
chosen to ensure stable and well-damped step responses as seen in Figure 5.2 and 5.3. The
simulation parameters are summed up in Table 5.2.

The results show a model which fulfills the requirements formulated in the beginning of
Chapter 3. It is stable as well as fast in positioning. Furthermore, the physical limits stated
in Chapter 3.5 are validated in the simulation with the angle and thrust limits from Table 5.2.
Numerical results can be found in Table 5.1.

Table 5.1: Quadrotor acceleration limits simulation results.

Direction in iy~ Maximum Acceleration [ms™2]

x (unidirectional) 0.5
y (unidirectional) 0.5
positive) 1.8
negative) 9.81

2 (
2 (
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5.2 Formation Control Setup

Table 5.2: Quadrotor simulation parameters.

System Parameter Value
Quadrotor physical constants m 0.45 kg

g 9.81kgms2

Eaer x 0.1

Eaer,y 0.1

kaer,z 0.2

Omax = —Omin  0.05rad

®max = —Pmin  0.05rad

Jt,max 5.2245N
Quadrotor altitude and attitude controller k1, 100

ko, 20

1y 100

oy 15

k1 100

kog 15

ki 100

kag 15
Quadrotor position controller kig 1.2

kog 1

1y 1.2

kay 1

5.2 Formation Control Setup

5.2.1 Communication Network

To highlight the flexibility of the formation control framework, a random directed spanning
tree with n nodes each are created at the start of a simulation. This is achieved by using the
Erdds-Rényi algorithm to create random graphs. Each possible link in the graph is created
with a probability of sixty percent [WesO1]. From the graph, a minimum spanning tree is
extracted and its corresponding adjacency matrix calculated. The connection to the VL are
specified separately and multiple connections are possible. For the following simulations, the
number of vehicles n equals six and the generated minimum spanning tree G in Figure 5.4 is
used. The VL has a connection only to vehicle one.

*2

Oy

*7

®3 °6
*q
5

Figure 5.4: Minimum spanning tree for G with VL connection.
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Chapter 5 Simulation Results

5.2.2 Formation Shape

The formation shape is given through the desired relative positions rfel,i of the quadrotors
with reference to the virtual reference frame. To set them, parametric equations are used
with the flexibility of implementing any number of vehicles with minimal effort. A line on
the y-axis is defined as

0
xi(s) = |s]|, Smin < 8 < Smax- (5.1)
0
The n vehicles are uniformly distributed on the curve with
. Smax — Smin .
Irgel,i = (smin—i_(l_l)a;l—fl) , 1= {1,,77,} (52)

More complicated parametrizations can be easily realized. For the rest of the thesis, the
vehicles are in the line formation x; with the parameters spin = —2m and Spax = 2m.

5.2.3 Trajectory of the Reference Frame

The reference state € with the position of the virtual center and the three euler angles can
be set through inputs into its second time derivative

r p wr mr B .y T
Ew =i g oz a froA] (5:3)
with the the initial conditions of
T - T
g0=10 00000, &©=[000000". (5.4)

From the following on, the evolution of this frame will fixed to

0.5ms 2 0s<t<2s
Tolt) = {0m82 oth;rwi;e (5:5)
gr(t) = 0ms2 (5.6)
15ms™ 0s<t<2s
()= -15ms2 8s<t<10s (5.7)
Oms—2 otherwise
7/2rads 2 4s<t<5s
@"(t) =< —n/2rads™? 5s<t<6s (5.8)
Orads—2 otherwise
A" (t) = Orads 2 (5.9)
A"(t) = Orads™2. (5.10)

It consists of a fast rising motion plus simultaneously turning the reference frame 90° while also
maintaining a forward movement in positive x-direction. The result is shown in Figure 5.5.
An important aspect is that the VL is rising with a velocity greater then the terminal possible
velocity of the quadrotor in positive z-direction. Therefore, the effectiveness of the proposed
formation feedback can be proved. The simulation time tg, is twelve seconds.
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25 T
—
— e |
g 20 2" i
L r
= o
8 o T
o 15] ’BT -
o 8
=
<
< 10 8
g
<
=
Q8
= 5
8
oy
0
| | | | |
0 2 4 6 8 10 12
Time [s]

Figure 5.5: Evolution of the virtual reference frame state &".

5.3 Reference Frame Consensus Module

The consensus algorithm for the virtual reference frame drives the information states of the
individual vehicles &; to the reference & .,,. The reference correction is assumed inactive,
therefore &, ., = £. Exemplary, the evolvement of the a; elements of &; from each vehicle is
plotted in Figure 5.6. The reference a(¢) value is adopted from the section before. Interesting
to note is the effect of different errors e,, = |a"(t) — a;(¢)| which can be explained by looking
at the current communication network G. Let

12s
T = /0 o7 () — al(B)]dt, i={1,...,n} (5.11)

S
be a performance criteria. Figure 5.7 shows that the information state of the fifth quadrotor
performs worst. The reason is that three other nodes lie between this vehicle and the VL.
Therefore, information has first to be passed down until it eventually reaches quadrotor
number five. Nevertheless, it is able to follow a time-variant reference. Equally, the errors
of the other vehicles can be explained. The control parameter x influences the convergence
speed and is set to kK = 100 to ensure a fast consensus.
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Figure 5.7: Performance of consensus algorithm for «; value of §;.
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5.4 Maximum Distance Consensus Module

5.4 Maximum Distance Consensus Module

To validate the algorithm introduced in Chapter 4.3, the line formation of six vehicles is
simulated moving with the trajectory (5.5) - (5.10). Figure 5.8 shows the first three elements
of the information state (5 of vehicle three compared to the true global values. Notably, there
is no difference between the actual global positive maximum distances and the information
stored in the vehicle. This is due to the fact that communication delay and restrictions are
not accounted for in the simulation. In a single time-step, the broadcast algorithm reaches
consensus. However, it serves the purpose of simulating the possibilities of a distributed

framework.
2.5
D i s -
_15f |
é. »'\_\
LA
= ) s .
E — . ! |
2 C3< ) ! \\
A 051 (3(2) /I \\ .
(3(3) , N
S ,
O F1....... CT’(Z) - —
- - ¢"(3)
_0.5 | | | | |
0 2 4 6 8 10 12
Time [s]

Figure 5.8: Maximum distance estimate (5 of vehicle three and true values ¢".

5.5 Formation Control without and with Reference Correction

5.5.1 Formation Control without Reference Correction

For the line formation moving along the proposed reference coordinate frame trajectory, the
formation control framework is examined without reference correction ¢,. This means that
the available information available to the vehicles is €[, = &" as ¢, = 0 . In Figure 5.9, the
vehicle positions are drawn for four moments during the simulation time tg,, of twelve seconds.
The round dots refer to the desired quadrotor positions and the diamonds to the actual ones.
The cube represents the reference coordinate frame orientation as well as position. Its origin
is moving along the trajectory visible in each picture. In the beginning, the vehicles are
able to follow the rising motion of their desired positions as seen in Figure 5.9a. However,
in Figure 5.9b the vehicles lack notably behind when the reference rotation sets in. This
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Chapter 5 Simulation Results

ultimately leads to a complete formation loss as shown at ¢ = 8s in Figure 5.9c. Only when
the rising motion of the reference frame stops, the formation forms again in Figure 5.9d.

The maximum required accelerations calculated after (4.10) and (4.11) are shown in Fig-
ure 5.10 for the maximum positive distances dpax and in Figure 5.11 for the maximum
negative distances dyin. It can be seen that the rotation around the first coordinate axis of
the reference frame (increasing alpha value) starting at ¢ = 4s leads to high accelerations
in the z- and y-coordinate direction which are beyond the physical limits of the quadrotors.
Furthermore, the initial acceleration in z-direction of the reference frame results in a final
velocity greater than the possible altitude gain of the simulated quadrotors due to air friction.
Therefore, the quadrotors are already rising with terminal velocity when the rotation sets in
it. They are only able to move in the horizontal plane and eventually converge close to a
single point in Figure 5.9c.
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5.5 Formation Control without and with Reference Correction
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Figure 5.9: Vehicle positions for four instants of time without reference correction.
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5.5 Formation Control without and with Reference Correction

05k
L S~ ___
~

£

g 0

+~

<

g .
3 --- upper limit
8 —0.5F---lower limit
s ——required

I I I

0 1 2 3

6
R
A
g 2
RS
=R e T A
g 03 —
= - - - upper limit
g _9| |---lower limit
s —— required
i4 I I I | | | | | | | |
0 1 2 3 4 9 6 7 8 9 10 11 12
Time [
10
)
~
£
=
9
=
< --- upper limit
2 —10F4---lower limit Pt I |
N ——required  |-.-._.~ S L
I I I | | | | | | | |

0 1 2 3

Figure 5.11: Required acceleration amax, and quadrotor limits without reference correction.

51



Chapter 5 Simulation Results

5.5.2 Formation Control with Reference Correction

In a next step, the reference correction is active during the simulation and the correction
vector ¢, can influence the reference trajectory. The control parameters for the reference
controller are defined in Table 5.3. In Figure 5.12, the current state of the formation is shown
as in Chapter 5.5.1 again for four moments in time. The rising motion of the reference frame
starts slower which allows the vehicles to stay close to their desired positions in Figure 5.9a.
Even when the rotation sets in, the quadrotors are able to follow as shown in Figure 5.12b and
5.12c. Throughout the twelve seconds simulation time, the formation shape is recognizable
until the end in Figure 5.12d.

Figure 5.13 shows the accelerations for the most distant vehicles in positive coordinate di-
rections and Figure 5.14 for the maximum negative distances. It can be clearly seen that
the reference controller is able to limit the occurring maximum accelerations to the physi-
cal quadrotor constraints. During the whole simulation time, the required accelerations stay
within the corridor spanned by (3.65) as the upper limit and (3.66) as the lower limit. Fur-
thermore, the results for the controlled reference state &, are shown in Figure 5.15 for
the translation and in Figure 5.16 for the rotational components and compared with the un-
controlled reference state £". It becomes clear that the controller only limits the responsible
components, namely 2" and & in order to achieve the limited acceleration. The other states
of &Ly remain unaffected. The reason is that the correction vector ¢, is only non-zero for
the & and Z" correction, as displayed in Figure 5.17.

Table 5.3: Reference controller parameters.

Parameter Value

h 1
hs 1
hs 1
hy 1
1
1

hs
hg
" 15

kr 100
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Figure 5.12: Vehicle positions for four instants of time with reference correction.
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5.5.3 Comparison
The absolute differences between desired vehicle positions and actual locations

e, =|rd—mry, i={1,...,n}

7

can be a measure for formation keeping accuracy. Let

12s
Jro= [ llenlindt,
Os

be a performance criteria for each vehicle and

n
Jtotal = Z Jri
=1

(5.12)

(5.13)

(5.14)

for the formation as a whole. In Figure 5.18, the values Jiota1 of simulation results with
and without reference correction are compared. It can be clearly seen that without reference
correction the performance is far worse. Figure 5.19 gives an even better understanding as
it shows the individual performance values J,, for each vehicle without reference correction.
When the rotation sets in at ¢t = 4s, the J,, values start to increase faster as high position
errors occur. This backs the observations form Chapter 5.5.2 where the formation shape gets
lost and the vehicles almost converge to a single point in Figure 5.12. Contrary, the individual
performance values resemble straight lines which are not greatly influenced by the rotation

of the reference frame in Figure 5.20 as the reference correction was active.
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Chapter 6
Conclusion

In the present thesis, a complete formation control framework is presented. It allows the con-
trol of large swarms of vehicles in geometric configurations. As a novel extension to traditional
formation control strategies, formation feedback is added. Thereby, the additional available
maximum distance information is used to influence the reference trajectory which ultimately
leads to better position keeping accuracy. To validate the effectiveness of the proposed ap-
proach, a quadrotor model is introduced and its associated local control. Simulation results
with a group of these vehicles show that the solution with a controlled reference trajectory
substantially improves formation keeping accuracy. The main contribution of this work lies
in the mathematical formulation of the QP problem which allows the optimization of the
reference trajectory in real-time and uses the formation feedback. With the distributed ap-
proach, the robustness to agent failures is given compared to a centralized solution. Only local
neighbor-to-neighbor communication is necessary which allows to easily change the number
of vehicles, formation shape or communication structure.

One limitation of the proposed framework is the necessity of a global exact position measuring
system for the individual vehicles. This might be given in closed indoor research environ-
ments, however real world outdoor situations pose additional challenges. Furthermore, the
communication network is assumed to be free of delays, without data losses and unlimited in
bandwidth. For large numbers of vehicles these assumptions might not be reasonable. The
influence of communication problems is well studied for consensus algorithms in particular
but not for complete formation control frameworks [OFMO7].

Combined, these limitations are part of the reason why experimental validations for quadro-
tors in formation flight with a large number of vehicles are rare. Together with the technical
complexity, the costs are another factor. Yet, the proposed framework could also be realized
for a group of ground robots. Lastly, the proposed approach assumes the same vehicle type
for all agents in the formation because the reference correction is calculated based on the
dynamic limitations of one individual vehicle. This contradicts real world applications where
a swarm of heterogeneous vehicles might be participating. Future research could examine the
adaption of the formation control framework for this scenario.
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Appendix A
Rotation Matrices

Rotations in the three dimensional Euclidean space can be expressed through matrices. By
multiplying the matrix R with a vector v, the vector coordinates are turned around the
origin. For each coordinate axis, there exists a basic rotation matrix where a positive angle
leads to counter-clockwise rotation as shown in Figure A.1. The dashed arrows indicate the
rotated system. Concerning the first coordinate axis, a rotation is described as

10 0
R(¢) =10 cos¢p —sing|. (A1)
|0 sing cos¢

The corresponding rotation matrix of the second coordinate matrix can be expressed as

[ cos® 0 sinf
R(9) = 0 1 0 |. (A.2)
—sinf 0 cosf

Finally, a rotation around the third coordinate axis is formulated as

costp —siny 0
R(y) = |siny cosy 0] . (A.3)
0 0 1

Any rotation in space can be given as a composition of these basic rotations by first rotating
around the third axis, then the second, and lastly the first axis. This gives following rotational

matrix
CypCh  CyhSeSyp — SypCp  CohSHCo + SapSe
WREp = R(O)R(O)R(Y) = |syca 55654 + CypCs  S459C — CypSe (A.4)
—Sp CoS¢ coCy

to describe a general rotation from a body coordinate to a world coordinate system [ER96].
For the reverse direction from world to body coordinates, the transformation matrix PRy is
obtained by calculating the inverse of VRp.
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(c) Rotation around the third coordinate axis.

Figure A.1: Three basic rotations in Euclidean space.
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Appendix B
Rigid Body Kinematics

The movement of a rigid body in space can been seen as an superposition of two single
motions: translation and rotation. A translation moves all points of a body the same distance
and therefore keeping its orientation fixed. Hence, velocities and accelerations of any body
points are exactly the same [Gro+15]. If r denotes an arbitrary point of the body, then its
velocity and acceleration are

v =", a=9v="t. (B.1)

Contrary, a rotational movement rotates all points of rigid body around a temporary axis
with the fixed point r 4. Let w denote the angular velocity vector of a body, then the velocity
of an arbitrary point rp is

Vp =W X TAp (B.2)

where 7 4p = rp —1r 4. The acceleration is obtained by taking the derivative of the velocity

d
aPZ%ZGJXTAP-FwX?"AP (B.3)
As 7ap = 7p — 74 and 74 = 0 due to the property of being fixed, (B.3) can be rewritten
to
ap =wWXTAp+wxX (WXTrsp). (B.4)

To analyze the case of general motion, a coordinate frame Fp is introduced which moves
translational but does not rotate as illustrated in Figure B.1. For an observer situated in
point A the body only rotates according to (B.2) and (B.4). On top of this observed motion,
the translation of A has to be added which gives

Vp =V4+ W XTyp

S o
a2 &

ap=a4+wxXrap+wx(wxXrap)

to describe the velocity and acceleration of any point of a rigid body.
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Figure B.1: Rigid Body Movement.
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